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Abstract 

We classify the irreducible modules for the fixed point vertex operator subal- 
gebra V£ of the vertex operator algebra Vl associated to a positive definite even 
lattice of rank 1 under the automorphism lifted from the —1 isometry of L. 

1 Introduction 

Vertex operator algebras Vl associated to an arbitrary even positive definite lattice L 
have been studied extensively, and their representation theory and fusion rules have 
been understood very well (see [B], [FLM2], [Dl], [DL1], [DLM1]). It is well known 
that the vertex operator algebra Vl has an order 2 automorphism 9 which is deduced 
from the —1 isometry of the lattice [FLM2]. The ^-invariants V£ is a simple vertex 
operator subalgebra of Vl- In this paper we classify the irreducible modules for V^ for 
all rank 1 lattice L. The classification result says that any irreducible module for V^ 
is isomorphic to either a submodule of an irreducible V^-module or a submodule of an 
irreducible ^-twisted V^-module. This confirms a conjecture in the orbifold conformal 
field theory [DVVV] in this special case. 

The study of V^ was initiated in [FLM1] during the course of constructing the 
moonshine module although the notion of vertex operator algebra was not available 
back then. It became clear later in [FLM2] (also see [B]) that (where A is the Leech 
lattice) is a vertex operator subalgebra of the moonshine (module) vertex operator 
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algebra which is a direct sum of V£ and an irreducible module for V£ . In fact the 
moonshine module is the first example of so-called "orbifold conformal field theory." 
The important role of the twisted modules in the orbifold theory was also noticed and 
used in the construction of the moonshine module. 

There is a fundamental difference between vertex operator algebras Vl and V£ '. 
In order to see this we need to recall their construction. Set f) = C ®z L and 1) = 
f) ® C[i, t -1 ] © Cc. Then the affine Lie algebra f) has an automorphism 9 of order 2 such 
that 6{h®t n ) = —h®t n and 9(c) = c. Then Vl as a vector space is a tensor product of 
M(l) and C[L] where M(l) = S^®* -1 ^ -1 ]) and C[L] is the group algebra of L. The 
map # extends to an algebra automorphism of S(f) ®t _1 C[t -1 ]) and maps e a to e~ a for 
a E L where we use e a to denote the corresponding element in C[L\. It is clear that 
Vl has the subspace f) <8> So the affine algebra () with c = 1 is a substructure of Vl 
and plays a very important role in the classification of irreducible (twisted modules) 
for Vl (see [Dl] and [D2]). But this affine algebra is not available to V£ ' . This explains 
why the representation theory for V£ is more difficult. 

Although V^ provides a large class of concrete and important examples of vertex 
operator algebras, the study of representation theory for an arbitrary V£ is very limited 
so far. It was proved in [DGH] that if L contains a sublattice of type Df then V£ is 
rational but the classification of irreducible modules even in this case remains open 
except when L is the Leech lattice (see [D3]). 

The classification of irreducible modules for V£ is well motivated by the problem 
of classification of rational vertex operator algebras. The classification of rational 
vertex operator algebras is definitely one of the most important problems in the theory 
of vertex operator algebra and it has immediate applications to the classification of 
rational conformal field theory. If the central charge is less than 1, the classification 
problem is not difficult as the vertex operator subalgebra generated by the Virasoro 
element has only finitely many irreducible modules. So the first nontrivial case is the 
central charge equal to 1. It is believed that all rational vertex operator algebras of 
central charge 1 are Vl,V£ and Vj£j where the rank of L is 1, L 2 is the root lattice 
of type Al, G is a finite subgroup of 5*0(3) of type E and V^ is the corresponding 
invariants. As we mentioned already that the representation theory of Vl including 
the fusion rules is clear, one has to understand V£ and V^j better and eventually 
characterize them. 

Another importance of studying the vertex operator algebra V£ lies in the con- 
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nection of V£ with the W^-algebra W(2,4, k) (cf. [BFKNRV]) where the even positive 
integer k is the half of the square length of generators of the lattice L. It was pointed 
out in [DG] that is generated by the Virasoro vector and two additional highest 
weight vectors for the Virasoro algebra of weights 4 and k. So V£ is the vertex opera- 
tor algebra associated to the VT-algebra W{2, 4, k) of central charge 1. We may expect 
some application of the results in this paper to the study of the VT-algebra W(2, 4, k). 

The present paper is a continuation of [DN] in which we determine the Zhu's algebra 
A(M(1) + ) in the case d — 1 and classified the irreducible modules for M(l) + where 
M(l) + is the ^-invariants of M(l). It is well known that M(l) + is a vertex operator 
subalgebra of V£ . The ideals, techniques and results in [DN] have been extensively 
used and significantly extended in the present paper. As in [DN] our main strategy 
is to determine the Zhu's algebra A{V^) whose inequivalent irreducible modules have 
a one to one correspondence with the inequivalent irreducible (admissible) modules 
for ■ It turns out that A(V^) is a semisimple commutative associative algebra of 
dimension k + 7 generated by the image of the three generators of V£ in A{V^). 

The organization of this paper is as follows: In Section 2 we review the Zhu's 
algebra and related results. We also briefly review the vertex operator algebras Vl, 
V£ and their (twisted) modules. In Section 3 we introduce the three generators of 
following [DG] and give the commutator relations of the component operators of these 
generators. We then show that how to obtain a "small" spanning set of A{V^). In 
section 4 we use a PBW type generating result to give an even "smaller" spanning set 
of A(Vl) in terms of the images of the three generators of V£ ■ Section 5 is the core of 
this paper. In this section we first find the four relations among the three generators 
of A(Vl) two of which were in [DN] already. These relations are good enough for us 
to determine a basis of A(V£) in the three separate cases: k is not a perfect square; 
k is an even perfect square and k is an odd perfect square different from 1. The case 
k — 1 needs a special treatment although it is easy: in this case V£ is isomorphic to 
another lattice vertex operator algebra Vy corresponding k — 4. 

2 Preliminaries 

In this section after recalling the definitions of admissible modules for a vertex operator 
algebra and a rational vertex operator algebra from [DLM2] and [Z] we review the 
definition of Zhu's algebra and related results. We then review the construction of 
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vertex operator algebra Vl associated to an even positive definite lattice of rank 1 
and its representations (see [B], [FLM2], [Dl]). We also define the automorphism 9 of 
Vl which is a lifting from the —1 isometry of L and the fixed point vertex operator 
subalgebra V£ . The ^-twisted modules for V L are also discussed. 

2.1 Modules and Zhu's algebras 

We begin with a vertex operator algebra V (cf. [B], [FLM2]) and an automorphism 
of g of V of finite order T. Then V decomposes into eigenspaces with respect to the 
action of g as V = ® re z/rz V r where V r — {v e V\gv = e~ 2mr l T v). 

An admissible (/-twisted V-module (cf. [DLM2], [Z]) is a ^Z-graded vector space 

m = £m(^), 

n=0 1 

with top level M(0) ^ 0, equipped with a linear map 
V — ► (EndM){^} 

v i— > Y M (v, z) = J2 v n z- n ~ X (v n G End M) 

neQ 

satisfying the following conditions; for all < r < T — 1, u e V r , v e V, w e M, 

■u n w = for n ^> 0, 

r M (M) = i, 

a^M (— — — ) F M (M,zi)7 M (t;,Z2) -^q" 1 * (— — — J Y M (v,z 2 )Y M (u,z 1 ) 
\ z J \ —z J 

= z 2 l Z ° ^j 5 Z ° ^j Y M (Y(u, zq)v, z 2 ), 

where S(z) = ^Z n ^z n and all binomial expressions are to be expanded in nonnegative 
integral powers of the second variable; 

u m M(n) C M(wt(w) - m-l + n) 

if u is homogeneous. If g = 1, this reduces to the definition of an admissible l^-module. 
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A g-twisted V -module is an admissible g-twisted ^-module M which carries a de- 
grading by weight. That is, we have 



M II -Mx 



agc 

where M\ = {w G M\L(0)w = Xw}. Moreover we require that dim Ma is finite and for 
fixed A, M«. +A = for all small enough integers n. Again if g = 1 we get an ordinary 
V^-module. 

A vertex operator algebra is called rational if any admissible module is a direct 
sum of irreducible admissible modules. It was proved in [Z] and [DLM2] that if V 
is rational then V has only finitely many irreducible admissible modules and each 
irreducible admissible module is an ordinary module. 

Zhu introduced an associative algebra A(V) associated to a vertex operator algebra 
V which is extremely useful in study the representation theory of V [Z] . In fact we will 
compute the Zhu's algebra A(V^) to determine the irreducible modules for V£ . 

Let V be a vertex operator algebra. For homogeneous u, v G V, we define products 
u * v and u o v as follows: 

u * v = Res 2 I Y [u, z)v I = } j I . jMj-if 

wov = Res z p { Y{u,z)v\=Y,\ Ui-2V. (2.1) 



i=0 



Then extends ( |2.1| ) to linear products on V. Let 0(V) be the linear span of u o v for 
u,v G V. Set A(V) = V/0(V). 

Let M be an admissible module for V. Following [DLM2] we define the "vacuum 
space" 

tt(M) = {w G M\u n w = 0,ueV,n> wt(u)}. 

Then Q(M) contains M(0) and each o{u) = Uwt(«)-i f° r homogeneous mgK preserves 
One can extend o(u) to all u G V be the linearity. Then we have (see [Z], 
[DLM2]) 

Theorem 2.1. (1) A(V) is an associative algebra under multiplication * and with 
identity 1 + 0(V) and central element uj + 0(V). 

(2) The map u \— > o(m) gives a representation of A(V) on Q(M) for any admissible V- 
module M. Moreover, if V is rational A(V) is a finite dimensional semisimple algebra. 
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(3) The map M — > M(0) gives a bijection between the set of equivalence classes of 
irreducible admissible V -modules and the set of equivalence classes of simple A(V)- 
modules. 

Following [DN] we write [u] — u + 0(V) G A(V). We define u ~ v for u, v G V if 
[u] = [v]. This induces a relation on EndV such that for f,g G Endl^, / ~ <? if and 
only if /n ~ gn for all n G V. 

We also need the following results from [Z]. 

Proposition 2.2. (1) Assume that u E V homogeneous, v & V and n > 0. Tnen 

Res 2 ( (1+ / + r ( " ) y K^) = £ ( Wt f G O(V). (2.2) 

(2) 7/n and n are homogeneous elements ofV, then 

n*n~ResJ- ^ Y(v,z)uj. (2.3) 

(3) For any n > 1, 

L(-n) ~ (-1)" {(n - l)(L(-2) + L(-l)) + L(0)} (2.4) 

where L(n) are the Virasoro operators given by Y(u>,z) = Xmez L(n)z~ n ~ 2 . 

(4) For any u G V , 

[u] * M = [(L(-2) + L(-l))u]. (2.5) 



2.2 Vertex operator algebras Vl and V£ 

We work in the setting of [FLM2] . Let L be an even lattice of rank one with nondegen- 
erate symmetric Z-bilinear form (•, •),!) = L(&%C and \)% the corresponding Heisenberg 
algebra. Let M(l) be the associated irreducible induced module for f)z such that the 
canonical central element of \)% acts as 1. Define Vl = M(l) <S> C[L] where C[L] is the 
group algebra of L with a basis {e a |a G L}. Set 1 = 1 ® 1 and uj = l) 2 where 
/3 G f) such that = 1. It was proved in [B] and [FLM2] that there is a linear map 

Vl — (EndVz;)^^- 1 ]], 

v Y(v,z) = Y,v n z- n - 1 (v n eEndV L ) 
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such that Vl = (Vl,Y,1,u) is a simple vertex operator algebra. Let L° = {x G 
f) | (x, L) C Z} be the dual lattice of L. Then the irreducible modules for V L are 
Vl +7 = M(l) ® C[L + A] where A runs over the coset representatives of L in L° (see 
[Dl]). Moreover, V L is a rational vertex operator algebra (see [DLM1]). To be more 
precise, let L = Za such that (a, a) = 2k. Then L° = -^L and the irreducible modules 
for V L are V L+ j_ for % — 0, 2k — 1. 

Let be the linear automorphism of Vl° such that 6{u <E> e 7 ) = 6{u) ® e~ 7 for 
m G M(l) and 7 G L°. Here the action of on M(l) is given by #(0:1(711) • • -a^n^)) = 
(— l) fe o;i(ni) • • -ak(nk). Then the restriction of to Vl is a VOA automorphism. Let 
M be an ^-stable subspace of Vl°- We denote the ±1 eigenspaces by M ± respectively. 
Then M(l) + is a vertex operator subalgebra of V L + . 

We have (see Theorems 4.4 and 6.1 of [DM]) 

Proposition 2.3. (1) V£ is a simple vertex operator algebra. 

(2) V£ and V± + 1 are irreducible V£ -modules. 

(3) V L+ j_ and V L+ 2fe^i a are isomorphic and irreducible V£ -modules fori = 1, . . . , k — 1. 

Next we discuss the twisted modules of Vi following Chapter 9 of [FLM2]. Then 
L/2L is an abelian group isomorphic to Z 2 has two irreducible modules T ± ,T 2 such 
that a + 2L acts as scalars 1 and —1 respectively. Let fj[— 1] De the twisted Heisenberg 
algebra. As in Section 1.7 of [FLM2] we also denote by M(l) the unique irreducible 
f)[— l]-module with the canonical central element acting by 1. Define the twisted space 
V? =M(l)<8>T i . It was shown in [FLM2] and [DL2] that there is a linear map 

V L - (End^)[[^ 1/2 ,^ 1/2 ]], 

V (->• Y(V, Z) = VnZ^ 1 

such that Vp is an irreducible 0-twisted module for Vl- Moreover, Vp for i — 1,2 give 
all irreducible ^-twisted V^-module (see [D2]). 

We also define a linear operator 6onV L l such that 

9(a 1 (-n 1 ) ■ ■ ■ a s (-n s ) <g> t) = (-l) s ai(-rii) • • • a s (-n s ) (g) t 

for a* G h, rii G \ + Z and i G Tj. Then = ^(0«, 2) for u G V L 

(cf. [FLM2]). We have the decomposition Vp = {Vp) + © (V^)~ where (V^*)* are the 
±1 eigenspaces 

Then we have (see [FLM2] and Theorem 5.5 of [DLi]) 
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Proposition 2.4. (V^ r4 ) ± are irreducible V£ -modules for % = 1,2. 



Our main result in this paper is that Propositions |2.3| and |2.4j give a complete list 



of irreducible modules for V£ . 



3 A spanning set of AiVi) 

In this section we use the ideas and techniques developed in [DN] to reduce the spanning 
set of A(y£) to the images of M(l) + and V^"(l) in A(V^). We shall use the vertex 
operators Y(u, z) for u e Vj, freely and we refer the reader to [FLM2] for the definition 
of these operators. In Subsection 3.1 we review the bracket relations for the component 
operators of the generators of V^. Subsection 3.2 gives several lemmas which are used 
in the later subsections. In Subsections 3.3 and 3.4 we prove that the subspace V£ l "(m) + 
0(V£) of A(V£) can be generated by the subspace M(l)+ + V^(l) + 0(V£) for all 
m > 1. 



3.1 The generators of V£ 

Recall from [DG] that the vertex operator algebra M(l) + is generated by u and 

J = /3(-l) 4 l - 2/3(-3)/3(-l)l + ^(-2) 2 1 (3.1) 

which is a singular vector of weight 4 for the Virasoro algebra. Also recall that 
Y(u,z) = J2nezL(n)z~ n ~ 2 and J(z) = Xmez JnZ~ n ~ l - The following lemma can be 
found in [DN]. 

Lemma 3.1. (1) For any m,n G Z ; 

[L(m), J n ) = (3(m + 1) - n)J n+m . 
(2) The commutators [J m , J n ] are expressed as linear combinations of 

L(pi) • • -L(jp s ), L(qi) ■ ■ ■ L(q t )J r 

where Pi, ■ ■ ■ ,p s , <Zi, • • • , Qt, f G Z and s, t < 3. 
For convenience we set 

y+(m) = M(l)+ ® (e ma + e" mQ ) + M(l)~ <g> (e ma - e^" 1 ") 
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for m > 0. Then V£ l "(m) is an irreducible M(l) + -module and is also completely re- 
ducible module for the Virasoro algebra 



V+(m) 



p > o L(l,(mv / fc + p) 2 ) iffc^O is a perfet square, 
p > o L(l,(4p) 2 ) if A; = 0, (3.2) 

L(l, km 2 ) otherwise 



(cf. [DG]) where L(l,h) is the highest weight module for the Virasoro algebra with 
central charge 1 and highest weight h. 

Set E = e a + e~ a . Then is generated by u, J and E (see Theorem 2.9 of [DG]). 
Since E is a highest weight vector for the Virasoro algebra of weight k, we immediately 
have 

[L(m), E n ) = ((k - l)(m + 1) - n)£ n+m . 

The commutator [J m , E n ] could be computed if one knows J S E for s > 0. Next we 
make a rough estimation of Jg-E 1 . Since wt(J s E) = k + 3 — s</c + 3ifs>0, then 
JsE 1 G L(l, fc) by ( |3.2|) for fc > 1. The following lemma now is obvious. 



Lemma 3.2. Assume that k > 1. For nonnegative integer n, J n E is expressed as a 
linear combinations of the set 

{L(— mi) ■ ■ ■ L(—m s )E | mi > W2 > • • • > mi > 1, s < 3} . 
3.2 Several lemmas 

Recall from [FLM2] that a(z) = J2 m ez a { m ) z ~ m ~ 1 for a 6 () and V(a(— n — 1)1, z) = 
<9(™)a(z) for n G Z> where = Then 



j>0 V ^ / j<— n— 1 V ^ / 



Set 

£ m = e mo + e" ma , E m = e ma - e~ 



(3.3) 



for any integer m. Then E l is the F defined in Subsection 3.1. Also set F = F 1 . 
Notice that 

a(0)E m = 2kmF m , a(0)F m = 2kmE m . 
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n 

m 



Lemma 3.3. Form,n > 1, 
(a(-n)a(-l)l) * E m 

= a{-n)a{-l)E m + 2mk{n + (-l)" +1 )a(-n - l)F m + £ Ci a{-i)F 

i=0 

for some q G C. 

Proof. Let v = a(— n)a(— 1)1. By (|3.3|) we have 



*) = E f / J ° ° z-*-*-"" 1 . (3.4) 



31 > or ji < —ra 



Recall that F(u, z) = Sjez^i 21 J Then 

v-i= E ( "^J^ 1 ) ° aO'i)a(j 2 ) o • 

3*1+32=— n— 1 \ ' 
3*1 > or 3i < — n 

Hence 

v _ 1 E m = ((-l)»- 1 a (-Ti - l)a(O) + na(-n - l)a(O) + a(-n)a(-l)) £ r ' 
This proves that 

v^E m = a{-n)a(-l)E m + 2mk(n + (-l)" +1 )a(-n - l)F m . 
Next we consider fj^" 1 for < i < n. By ( ft. 3D , we see 

Vi= E ( "J 1 ^ j ° "(Jl)«(j2) o • 

31+32=i— n ^ ' 
3*1 > or h < ~ n 

So 

Ui-ET = ((-l) n+1 «(i - n)a(O) + 5 i0 a(-n)a(0)) £ m 
= 2A;m ((-l) n+1 a(i - n) + 5 i0 a(-ri)) 

Since wt(v) = n + 1 we see from (|2.1| ) that 



v*E m = J2( n + 1 )v l -iE 



in 



i=0 



Substitute the explicit expressions of Vi-i into the equation above to get the desired 
result. □ 
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We say an element u = a(— n\) ■ ■ ■ a(—n r )v (rii > 0, v = E m or F m ) has the length 
r with respect to a and we write £ a (u) = r. In general if u is a linear combination of 
such vectors u l, s we define the length of u to be the maximal length among £ a (u t ). 

Lemma 3.4. Let m, ri2, . . . , n r G Z>o with r even. Then 

(a(-ni) ■ • ■ a(-n r )l) * E m = a(-m) ■ ■ -a(-ri r )£ m + u 
where u G V^{m) and £ a (u) < r. 

Proof. Let v = a{—n\) ■ ■ -a(— n r )l. By the definition of a vertex operator and (|3.3|), 
we have 

Y(v, z) = c mmi ■ • • c mr n r o a{mi) ■ ■ ■ a(m r ) ° z ~ m ~ n 

where m = mi + ■ • • + m r , n = n\ + • • • + n r and c mn = , > or m; < —rii. 

Therefore for j > 

Vj-iE m = c rnini ---c mrnr ° a(m 1 )---a(m r )° E m . 

m=j—n 
rrii > or mj < — rii 

If j = then either = — for all z or there exits i such that > . So in this 

case 

t;_i£ m = a(-m) ■ • ■ a(-n r )£ m + w 

where ^ a (/u) < r. If j > then there exists i such that > 0. This implies 
£ a (vj-iE m ) < r. The lemma follows from the definition of * product. □ 

A similar argument gives: 

Lemma 3.5. Let n\, ...,n r G Z >0 with r odd. Then 

(a(—ni) ■ ■ ■ a(-n r _i)l) * (a(-n r )F m ) = a(-n{) ■ ■ ■ a(-n r )F m + u 

where u G V^{m) and £ a {u) < r. 

3.3 Reduction I: even case 

In this subsection we prove by induction on n that V£(n) 
even integers n. 
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= 0modO(V L + ) + M(l)+ for 



We need the following notation: 



Ju 



ex P [12— z ™ = 52Pj( x i> x 2,---)& = ^ZVj{x)z :i (3.5) 



\n=l U / j=0 j=0 



and qj(x) = Pj(x) + pj(—x). Then Pj(x) are elementary Schur polynomials. 

The following lemma is easily derived from the definition of vertex operators. 



ma Q$> e v ' z 



(m+n)a 2kmn+j 



Lemma 3.6. For m, n G Z, 

oo 

Y(e ma ,z)e na = J2Pi { 
where Pj (J3)= Pj {l3(-l)>P(-2)>-)- 



Lemma 3.7. For any m G Z >0 , 

e 2ma + e -2m« = Q mod + M (l) + . 



Proof. Using Lemma [3.6| we see that 



Y(E m , z)E r 



Y(e ma , z)e ma + Y(e- ma , z)e~ ma + Y(e ma , z)e~ ma + F (e~ ma , z)e ma 



ma)z- 2km2+1 . 



= E {Pj(rna) ® e 2ma + Pj (-ma) ® e~ 2ma } ^ 2fem2+J + £ ?;< 

3=0 j=0 

Hence, 

/■I — I — z \km 2 

Y(E m ,z)E m = E*» + u 

where u is a linear combination of qj(ma), in particular, u G M(l) + . Since wt(i? m ) 

fcm 2 and 2A;m 2 + 1 > 2 by Proposition (i), Re ^7iS5r y (^ m > 2 )^ m lies in 
The proof is complete. □ 

Lemma 3.8. Let in G Z>o fre even and n G Z>o. Then 

a(-n)(e ma - e~ ma ) =0 mod 0(U+) + M(l)+. 
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Proof. We prove the result by induction on n. Note that L(—l) ~ — L(0). Then 

L(-l)E rn = -L(0)E m modO(V L + ) 

or, 

ma{-l)F m = ~km 2 E m modO(V L + ). 

Using Lemma p. 7| shows that a(— l)F m = 0modO(V^") + M(1) + . So the case n = 1 is 
done. 

Assume that the lemma is true for all integers less than n. Then by induction 
hypothesis, 

a{-n){e ma - e~ ma ) G M(l)+ modO(U L + ). 
Then again use L(— 1) ~ — L(0) to get 

- (n + km 2 )a(-n)F m 
= -L(0)a(-n)F m 
~ L(-l)(a{-n)F m ) 

= na{-n- l)F m + ma(-n)a(-l)E m G M(l) + modO(V^). (3.6) 

Let w = q(— n)ot(— 1)1. Then by Lemma |3]3| and induction hypothesis, we have 

v*E m =a{-n)a{-l)E m 

+ 2mk(n+ (-l) n+1 )a(-n-l)F m mod 0(V£) + M(l)+. 

On the other hand, £ m G M(l)+ (mod 0(1//)). Hence 

u * (e ma + e~ ma ) G M(l) + modO(V L + ). 

and 

a(-n)a(-l)£ m = -2mk{n + {-l) n+1 )a{-n - l)F m mod O(V^) + M(l) + . 
Finally, substituting this into (3.6), we reach to 

{n-2km 2 {n + {-l) n+1 )}a{-n-l)F m = mod O(V^) + M(l)+. 
Since for m > 2 

n-2fcm 2 (n + (-l) n+1 ) ^ 0, 

we see 

a(-n-l)F m = mod 0(V L + ) + M(l)+. 

□ 
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The main result in this subsection is the following: 
Lemma 3.9. For any positive even integer m, 

V£{m) = mod 0{V£) + M(l) + . 



Proof. Let 



Set 



and 



u = a(-m) ■ ■ ■ a(-n r )(e ma + (-l) r e" ma ). 



a(— rii) • • • a(— n r )l if r is even, 

a(— ni) ■ ■ • a(— n r _i)l if r is odd 



ia if r is even, 

a(— n r )(e ma — e~ ma ) if r is odd. 

Then by Lemma [3]4] and Lemma |3.5| , we see that v * w = u + u' where v! G V^(m) 
and £ a (u') < £ a {u) = r. From Lemma |3[7] and Lemma |3.8| , u * w = 0modO(V^") + 



M(l)+, that is, u + u' = OmodO(V^) + M(l)+. An induction on r shows that 
nGM(l)+modO(y+). □ 

3.4 Reduction II: odd case 

In this subsection we prove that 

V£{m) C M(l) + g> (e a + e~ a ) + O(V^) 
for all odd integer m. Recall from the previous subsections that 

E = e a + e~ a , F = e a — e~ a . 

Lemma 3.10. For any s G M(l) + and n G Z >0; there exists t G M(l) + sitc/i i/iai 

a(-n)s (g) F = t(g) E mod O(V^). 

Proof. We prove the lemma by induction on n. Applying L(—l) to s ® and using 
the relation L(— 1) ~ £(0) yields 

a(-l)a <g> F =£(-l)(s ® E) - (L(-l)s) <g> £ 

E-L(0)(s8£)-(i(-l)s)®£ mod O(V^). 
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Since M(l) + <g> (e a + e a ) is invariant under L(0) and L(— l)s G M(l) + we see imme- 
diately that 

a(-l)s®F G M(l) + ®(e a + e" a ) mod O(V^). 

Let us assume that the lemma holds for n > 0. Again applying L(— 1) to a(— n)s®F 
gives 

L(-l)(a(-n)s® F) 

= (L(-l)s)a(-ra) <g> F + nsa(-n - 1) ® F + sa(-n)a(-l) ® F. 

Thus 

nso;(— n — 1) ® F 

= L(-l)(sa(-n) ® F) - (L(-l)s)a(-n) ® F - sa(-n)a(-l) ® F 

= — L(0)(sa(— n) ® F) — l)s)a(— n) ® F — n)a(— 1) ® F mod 0<y L + ). 

By induction hypothesis both L(0)(sa(— n)®F) and (L(— l)s)a(— n)®F lie in M(l) + £g> 
F modulo 0(Vk ). As a result we have 

a{-n-l)s® F e M(l) + ®(e a + e~ a ) mod 0(V£"). 

□ 



Remark 3.11. From the proof of Lemma 1 (\ , it is clear that for any 7^ 7 G L 
M(l)-<8> (e 7 -e" 7 ) C M(l) + ® (e 7 + e~ 7 ) mod O(V^). 
The main result in this subsection is: 
Lemma 3.12. For any odd positive integer m, V^(m) C Vj^ (1) + 0(V^"). 



Proof. We prove this by induction on m. By Lemma |3.10| the lemma holds for m = 1 



Suppose the assertion is true for m — 2 (m > 3). A straightforward computation using 
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Lemma |3.6| gives 



Y(E,z)E 



m—l 



Y(e a , z)e {m - 1)a + Y(e- a , z) e - (m ~ 1)a + Y(e~ a , z)e (m " 1)a + Y(e a , z)e 



3=0 



ma r 2fe(m-l)+j _|_ ^^p^ — a) ® e - " 1 ",? 2 ^" 1-1 ^ 



a ® e 



3=0 

(m— 2)a -2fc(m-l)+3 



3=0 



E^( 

3=0 



a ® e 



(m-2)a z -2k(m-l)+j 



= E {^(«) ® e ™ a + p?(-«) ® e ~ ma ) z 2k ^ m - l)+3 

3=0 

oo 

+ E {Pi(-a) ® e(m ~ 2) " + Pi(«) ® e- (m - 2)a } 2 - 2fc (™-i)+^ 



3=0 



So 



Cl 4- 



: _2Jfc(m-l)+l 



e"" + e + tt 



where tt G V^(m — 2). Since wt(i?) = and 2k(m — 1) + 1 > 2 we see from Proposition 
-Y(E, z)E m ~ 1 G 0(Vl). From the induction hypothesis we know 



2.2 that Res 



(l+z) k 

Z 2 2fc(m-l) + 



that u lies V£(\) modulo 0(V^). Thus 

e ma + e -ma £ (V L + ). 



By the same argument given in the proof of Lemma [T8| we prove that 

a(-n) <g> F m G mod 0(y L + ). 

Next, we want to show by induction on r that 

u = a {-n x )a{-n 2 ) ■ ■ ■ a{-n r ){e ma + {-l) r e~ ma ) G V+(l) + 0(V+). 



Set 



and 



a(— tii) • • • a(— n r )l if r is even, 

a(— ni) • • • a(— 7i r _i)l if r is odd 



^raa _|_ g-mtt 

a(-n r )(e ma -e 



if r is even, 
-™) if r is odd. 
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Then from Lemmas 13.41 and B.5I we see that 



v * w = a{- ni )a{-n 2 ) ■ ■ ■ a{-n r ){e ma + {-l) r e' ma ) + v! 



where £ a (u') < r and u' G V^{m). By induction hypothesis w,u' G V^{1) + 0{V^). 
Since v G M(l)+ we have v * w G ^+(1) + 0(V£) and then u G V^(l) + 0(V^"). □ 



4 Generators of A(V^) 

We have already proved in Section 3 that A(V£) = M(l)+ + V^{1) + 0{V£). The 
main result of this section is that A{V^) is generated by u> + 0(V^), J + 0{V^) and 
E + 0{V£). Since M(l)+ + 0(V^) is generated by u + 0(V L + ) and J + 0(V L + ) [DN] 
we establish that V^(l) + 0(V£) is generated by + O(V^) and E + 0(V£). Since 
the structure of V£ t "(l) as a Virasoro module varies according to whether k is a perfect 
square or not, we deal with these cases separately. The case that k is a perfect is more 
complicated. Nevertheless, the ideas and the techniques developed in [DN] still work 
in the present situation. 

4.1 A spanning set of V£ (1) + 0(V^) I: k is not a perfect square 

In this section we assume that k is not a perfect square. In this case V^(l) is an 
irreducible Virasoro module which is isomorphic to L(l, k) with a highest weight vector 
e a + e~ a . For short, we set 

s 

for t> G V^~. Recall that [t> ] = v + 0(V^) for v G V^, we will use a similar notation 
[v]* s . Then it is easy to see that [v* s ] = [v]* s . 

Lemma 4.1. Suppose that k is not a perfect square. Then Vj^ (1) + 0(V^") is spanned 
by 

[S^ E } = {[u* s *E}\s>0}. 
Proof. In this case V^{1) is spanned by the vectors 

v = L(—ni)L(—n 2 ) ■ ■ ■ L(—n r )E, n\ > n 2 > ■ ■ ■ > n r > 1. 
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So it is enough to show that [v] is spanned by S Wt E- Using Proposition ^72] (iii), (iv) 
and the relation 

L(0)L(-ni) ■ ■ ■ L(-n r )E = (n x H h n r + k)L(-ni) ■ ■ ■ L(-n r )E 

one can easily show that [v] = [P{u>) * with some polynomial P(x). □ 

4.2 A spanning set of V^(l) + 0(V£ I ") II: fcis a perfect square 

In this subsection we consider the case that k is a perfect square. Since V£ t "(l) in an 
irreducible M(l) + module and M(l) + is generated by u and J one can see that Vj^ (1) 
is spanned by 

which are not necessarily linearly independent. We say that an expression ■ ■ ■ E 
has length t with respect to J, which we write • • -u^E) = t, if = J} has 

cardinality t. Note that uJi = L{i — 1). An induction on djiu^ ■ ■ ■ E) using Lemma 
7T| (1) shows that u l mi ■ ■ -u k mk E is a linear combination of vectors of type 

{L(m 1 )L(m 2 ) ■ ■ ■ L(m s )J ni J n2 ■ ■ ■ J nt E \ m a ,n h e Z} . 



Using commutation relation in Lemma |3.1| and the fact that E is a singular vector 
we can prove the following lemma. 

Lemma 4.2. Let W be a subspace of V£ spanned by J ni ■ ■ ■ J nt E with Hi G Z. Then 
W is invariant under the action of L(m), m > 0. 

Lemma 4.3. V£ l "(l) is spanned by 

L(-mi) • ■ ■ L(-m s )J- ni ■ ■ ■ J- nt E 
where mi > > ■ - • > m s > 1 and n\ > > ■ ■ • > n t > 1. 
Proof. We have already known that V£ l "(l) is spanned by 

L(-rai) • ■ ■ L(-m a )J- ni ■ ■ ■ J- nt E 
where m a , n& G Z. Using the PBW theorem for the Virasoro algebra we can assume that 



mi > • • ■ > m s . By Lemma [4.2| we can further assume that mi > m<i > • • • > m s > 1. 
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We proceed by induction on I j(v) that v = L(—mi) ■ ■ ■ L(—m s )J^ ni ■ ■ ■ J- nt E can be 
spanned by the indicated vectors in the proposition. 

If the length is 0, it is clear. Suppose that it is true for all monomials v such 



that £j(v) < t. By lemma |3.2| and the induction hypothesis we can assume > 1. If 
n% > • • • > rit we are done. Otherwise there exists n a such that n a+ \ > ■ ■ ■ > n t but 
n a < n a+ i. There are two cases n a < and n a > which are dealt with separately. If 
n a < 0, then 

L(-m x ) • • -L(-m s ) J_ ni • • • J- nt E 

* v 

= 22 i(-Wl) • ■ • L(-m s )J^ ni • • • J_ na • • ■ [J- na , J- nj ] ■ ■ ■ J-nt E 
j=a+l 

+ L(-mi)- ■ ■ L(-m s )J- nx - ■ ■ J - na - ■ ■ J- nt J- na E 
j=a+l 

where J - Ua means that we omit the term J- Ua . However by Lemma [D] (2), [J_„ a , J- nj ] 
are linear combinations of operators of type 

L(pi) ■ ■ ■ L(p s >), L(gi) • • • L(q tl )J r . 

By substituting these into the above and using commutation relation in Lemma IO 



^1) again, the first term of the right hand side is a linear combination of monomials 



whose lengths with respect to J are less than or equal to t — 1. Further by lemma |3.2| , 
the second term is also a linear combination of such monomials. Thus by induction 
hypothesis, this is expressed as linear combinations of expected monomials. 

If n a > then either n a < n t or there exists b with t > b > a so that rib > n a > nb+i- 
Then we have either 

L(-mi) • • -L(-m s ) J_ ni • • • J~ nt E 

= 2^ L (- m l) ■ ■ ■ L(-m s )J- ni ■ ■ ■ J- na ■ ■ ■ [J-n a , J-nj] ■ ■ ■ J-n t E 
j=a+l 

V 

+ L(-mi) ■ ■ ■ L(-m s ) J_ ni • • • J_ na • • • J^ nt J_ na E 
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or 



L(-mx) ■ ■ ■L(-m s )J- ni ■ ■ ■ J- nt E 

X v 

= 22 L(-m x ) ■ ■ ■ L(-m s )J_ ni ■ ■ ■ J _ na ■ ■ ■ [J- na , J_ n J • • • J- nt E 

j=a+l 

V 

+ L(-mx) ■ ■ ■ L(-m s ) J_ ni • • • J_„ a • • • J-n b J-n a J-n b+1 • • • J-ntE 

From the discussion of case n a < it is enough to show either 

v 

L(-mi) • • • L(-m a )J-ni " " " ^-«« • • • J-n t J-n a E 

or 

v 

L(—mi) ■ ■ ■ L[— m s ) J- ni ■ ■ ■ J - Ua ■ ■ ■ J- nb J- na J- nb+1 ■ ■ ■ J- nt E 

can be expressed as linear combinations of desired vectors. But this follows from an 
induction on a. □ 

Lemma 4.4. Assume that k ^ 1. V^(l) + 0(V^) is spanned by 

[S^ E } = {[uj* s *E}\seZ> }. 

Proof. The case that k is not a perfect square was treated in Lemma [O] already. So 
we can assume that k is a perfect square. By lemma |4.3| , it is enough to show that any 



[v] = [L(-m 1 )L(-m 2 ) ■ ■ ■ L(-m s ) J_ m • ■ ■ J- nt E) 

where mi > m<i > ■ ■ ■ > m s > 1 and n± > n 2 > ■ ■ • > n t > 1 is spanned by [5^ b]. We 
prove this by induction on £j(v). If the length is 0, the proof of Lemma |4.1| gives the 
result. 

Let t > and assume that the statement is true for all v with £j(v) < t. We will 
prove that [v] is spanned by [S^^] by induction on weight of v. Clearly, the smallest 
weight is At + k and v = J_i • • • J^\E. Then 

J*---*J*E-v= Yl a ni ...n t J ni - ■ ■ J nt E. 

n 4 e{-l,0, 1,2,3}, 

(mM-i-i,... ,-i) 

Since each term appeared in the right hand side involves J ni for some nonnegative 
integer m, by using Lemma |3]2|, it length is strictly less than t. Thus by induction 
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hypothesis, the image of right hand side in A{V^) is spanned by [«S W) .e]. So we can 
assume that v = J*---*J*E. Note that 



j=0 



and wt(Jj_i-E) = 4 + k — j < 4 + k if j > 0. Then from the decomposition of (1) 
(see equation ( |3.2| )) we see that J * E is a vector in the irreducible module for the 



Virasoro algebra generated by the highest weight E. The proof of Lemma |4.1| shows 
that [J * E] is a linear combination of elements of [S Uj e] ■ Then using the fact that u 
is a central element proves that v is spanned by [S^e]. 
Now consider a general vector 

v = L(-m l )L(-m 2 ) ■ ■ ■ L{—m a ) J- ni ■ ■ ■ J- nt E. 

Suppose mi > 2. Then by using Proposition |2.2| (3) we have 

v ~ {{mi - l)(L(-2) + L(-l)) + L(0)} L(-m 2 ) • ■ ■ L(-m a ) J_ ni ■ ■ • J. nt E 

which is a sum of three homogeneous vectors of weight strictly less than wt(t> ). Then 
by induction hypothesis, [v] is spanned by [S^ Thus we can assume that mi < 2. 
We can further assume by using the relation L(—l) ~ — L(0) that mi = m 2 = • • • — 
m s = 2. Namely, 



v = L{-2) ■ ■ ■ L{-2) J_ ni J_ n2 • ■ ■ J^ nt E. 

Then 

v = uj* s * (J_ ni l) * (J_ n2 • • ■ J- nt l) *E + u 

where the weights of homogeneous components of u are less than wt(t> ) and the length 
of each homogeneous component of u with respect to J is less than or equal to t. Then 
again by using induction hypothesis [u] is spanned by [5^^]. It reduces to the case 
that 

v = uj* S * (J_ ni l) * (J- n2 ■ ■ ■ J-ntl) * E. 

Note that 

V = (J- ni l) * U* S * (J_ n2 • • • J^l) * E 

= (J- ni l) * uj* s * (J_ n2 • ■ ■ J^ nt E) + w 
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where w is a vector spanned by [<S w ,.e]. By induction hypothesis of the length with 
respect to J, we see that J_ n2 • • • J- nt E is spanned by S^^e modulo 0(V^). So we can 
assume that 

v = u *p* (J_ ni l) *E 

for some p > 0. Again by induction hypothesis on the length of v with respect to J we 
conclude that such [v] is spanned by [S Ui e] ■ This establishes the lemma. □ 

Let us summarize the main results in this section. 

Proposition 4.5. Assume that k ^ 1. Then the Zhu's algebra A(V^) is spanned by 

{[u* s * J*%[u* 8 *E]\s,t> 0} 



5 The structure of A(V£) 

It is proved in Section 4 that the algebra A(V£) is generated by [u], [J] and [E] if k ^ 1. 
In this section we determine the algebra structure of A{V^) which is a commutative 
semisimple algebra of dimension k + 7 if k ^ 1. This is achieved by studying the 
relations among [u;], [J] and [E]. We have already known two relations between [u] 
and [J] from [DN]. Using the known irreducible modules of A(V^), we obtain more 
relations. The classification of irreducible modules for follows immediately from 
the dimension of AiV^) as A{V^) has k + 7 known irreducible modules. 

In Subsection 5.1 we list all known irreducible modules of and give the scalars 
of u, J, E on the top levels of these modules. In Subsection 5.2 we find two relations 
among [ou], [J] and [E]. Subsection 5.3 is the core of this paper where we determine a 
basis of A(Vl). Subsection 5.4 is easy but important. In this subsection we classify 
the irreducible modules for V£ ■ 

We assume that k ^ 1 in the first three subsections. 



5.1 List of known irreducible modules 

Here we give the list of known irreducible V/^-modules and the action of u, E and J 
on the top levels of them. As we mentioned before, we have the following irreducible 
V£- modules 

V+, V L ~, Vi +4a (r = l,2,...,fc-l), 

v^ +v v L ~ + «, V?> + , V?'-, If 2 '". 
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Note that the top level of these modules are 1-dimensional and to, J and E act as 
scalars. The following table gives the scalars which follows from the construction of 
these modules (cf. [DN]). 





v L + 


v L 


V L+ s_ a (l<r<k-l) 






LO 





1 


r 2 /Ak 


k/A 


k/A 


E 











1 


-1 


J 





-6 


c 4 - c 2 /2, c 2 = r 2 /2A; 


A; 4 /4 - k/A 


fc 4 /4 - k/A 







v?>~ 






lo 


1/16 


9/16 


1/16 


9/16 


E 


2~2fc+l 


-2^ 2fe+1 (4A;- 1) 


_2-2/c+l 


2-2fc+i( 4 j b _ !) 


J 


3/128 


-45/128 


3/128 


-45/128 



5.2 The relations among u, E and J 

In this subsection we first prove the relation 

([to] - k/A) * ([to] - 1/16) * ([lo] - 9/16) * [E] = 0. (5.2) 

Note that V^(l) = © n > fc V^(l,n) is Z-graded where V^(l,n) is the weight n subspace 
of \/ L + (l). Then 

(lo - k/A) * (lo - 1/16) * (lo - 9/16) * E G © <n<fc+6^ L + (l, n). 

It is easy to see that V^(l, k + 6) has the following basis: 



9i = 


a( 


-6)F, 




92 = 


a(- 


-5)a(- 


-1)E 


93 = 


a( 


-A)a(- 


2)E, 


9a = 


a(- 


-A)a(- 


-1) 2 F, 


95 = 


a( 


-3) 2 £, 




96 = 


a(- 


-3)a(- 


-2)a(-l)F, 


97 = 


a( 


-3)a(- 


lfE, 


98 = 


a(- 


-2fF, 




99 = 


a( 


-2) 2 a(- 


-1) 2 E, 


9io = 


- a( 


-2)a( 


-1) 4 F, 



g u = a(-l) 6 E. 

In particular, dim V^" (k, 6) = 11. Similarly V^(l, k + 5) has the following basis 

= a (-5)F, h = a(-A)a(-l)E, 

f 3 = a (-3)a(-2)E, / 4 = a(-3)a(-l) 2 F, 

h = a(-2) 2 a(-l)F, / 6 = a(-2)a(-l) 3 E, 
f 7 = a(-l) 5 F 
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and dimension 7. We also need the following basis of V£{1, k + 3): 

h 1 = a(-3)F, h 2 = a(-2)a(-l)E, h 3 = a(-l) 3 F. 

Clearly, dim V£(h,3) = 3. 

Set v = a(—l)t. 3 E where a(— 1) 4 3 is the component operator of Y(a(—l) 4 ,z) = 

En 6 Z«(-l)^-"- 1 - 

Lemma 5.1. The vectors 

L(-l)(/0 (i = l,...,7), L(-3)(^) = 1,2,3), u 
/orm a frasis o/ V^ 1 " (1, /c + 6) . 

Proof. The main idea of the proof is to show that these vectors are linearly independent. 
This is done in the following table by giving explicit expressions of these vectors in 
terms of gi for i — 1, 11. In fact if we denote the matrix below by A then det A = 
6144(1 - k)k 2 . Thus A is non-singular if k ^ 1. □ 





9i 


92 


93 


94 


95 


96 


97 


9s 


99 


010 


9n 




5 


1 





























£(-l)/ 2 





4 


1 


1 























£(-l)/3 








3 





2 


1 

















^(-l)/4 











3 





2 


1 














^(-l)/ 5 

















4 





1 


1 








L(-l)h 




















2 





3 


1 





L(-l)f 7 





























5 


1 


2kL(-3)h! 


6k 











2k 


1 

















2kL(-3)h 2 





4k 


2k 








2k 








1 








2kL(-3)h 3 











6k 








2k 








1 





V 


32k 3 


48k 2 


48k 2 


24k 


24A; 2 


48A; 


4 


8A; 


6 









Lemma 5.2. We have the relation 

(u - k/4)(uj - l/16)(w - 9/16)£ = 

in A{Vl) where we also use v to denote its image in A{V^) for any v G V£ and the 
product is the * operation. 
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Proof. We first note that all vectors of a basis in Lemma |5.1| are congruent to the 



vectors of V£ (1) of weight less than or equal to k + 5. By Lemma [4.4| there exists a 
monic polynomial of degree 3 such that 

f{u)E = 0. (5.3) 

Let us apply both sides of ( |5.3| ) to the top levels of V^ +3 _, V^ 1,+ , V^ 2,+ and note that 
E is nonzero on these top levels. We immediately have 

f(k/4) = /(1/16) = /(9/16) = 0. 

Since / has degree 3 we get 

f(x) = ( x - k/4)(x - l/16)(z - 9/16). 

□ 



Next we study relations between J and E. From Lemma [4.4| , it is clear that there 
exists a polynomial r(x) of degree 2 such that J * E = r{uj)E. We give the explicit 
expression of the r(x) in the following lemma. 

Lemma 5.3. We have 

J * E = E * J = r(w)E (5.4) 

in Aiy^) where 

, , 2(32fc 2 - 8Jfc - 9) , 9 + 80A; - 104A; 2 27k(k - 1) 

r(x) = -f- — fx 2 + — — — -x + 



(4ife-9)(4Jfe-l) 2(4fc-l)(4fc-9) 8(4A; - l)(4Jfe - 9) ' 

(5.5) 

Proof. Set r(x) = ax 2 + bx + c. We will evaluate J * E = r(u)E on the top levels of 



modules listed in Subsection |5.1| on which E ^ 0. Namely, we calculate the values of u> 
and J on the top levels of modules V^ +2 _, V^ 1,+ and Vj}~- The we have 

k 2 a + 4kb + 16c = 4A; 2 - 4k, 

a + 166 + 256c = 6, 

81a + 1446 + 256c = -90. 

By solving this linear system, we have the desired result. The same argument also 
shows that E * J = r(w)E. In particular, J and E are commutative. □ 
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5.3 A basis for A(V£) 

So far, we have established the following relations; 

J 2 =p(Lu) + q(uj)J, (BJ 

(u -l)(u- l/16)(w - 9/16)(J + uj - Auj 2 ) = 0, (B 2 ) 

JE = r(w)E, (L x ) 

t(u)E = (L 2 ) 



where 



. , 1816 4 212 3 89 2 27 

PW = -gg-^ - — X + _ 70^' ( ) 

314 2 89 27 

^) = -^ + n *--, (5.7) 
, . 2(32A; 2 - 8ife - 9) , 9 + 80A; - 104A; 2 27/fc(A: - 1) 

= yj: rj- -rX 1 + — — — rX + 



(4fc-9)(4fc-l) 2(4Jfe-l)(4Jfe-9) 8(4A: — l)(4fe — 9)' 

(5.8) 

t(x) = {x - k/A)(x - 1/16)0 - 9/16). (5.9) 

We remark that the relation (Bi) and (B%) were found in [DN] in the algebra A(M (1) + ). 
Since 0(M(1) + ) C 0(V^) these two relations are also true in A{V^). 

Lemma 5.4. 



E*E = j2(%2k- j (a)l. 

.7=0 W 



Proof. From the proof of Lemma ft. 71, we have 

CO CO 

Y(E, z)E = {Pj( a ) ® e2a + Pi(-a) ® e " 2 °} ^ + E ^H* -2 ^'- 

j=0 j=0 



Therefore, we have 



\l+_z) k 

z 



E*E = Res 2 ( v ^ '~ J Y(E, z)E^j = £ Q E j-i E = E Q to-» 1- 



□ 
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Lemma 5.5. There exist polynomials a(x), deg a = k and s(x), deg s < 2 such that 

E 2 = a(u) + s(u)(J + lu — 4cu 2 ). (5.10) 

Further 

a[x) = a x{x - —){x -—)■■■ (x 



4k 4k 4k 

where a = 2{4k) k / (2k)\ . 

Proof. Since E * E G M(l) + and the highest weight of homogeneous component is 2/c 
we can write E 2 as a linear combination of uj* s * J 1 for s,t > such that 2s + 4t < 2k 
(see [DN]). The existence of a(x) and s(x) follow from the relation (Bij-^B?). Clearly, 
the degrees of a(x) and s(x) are less than or equal to k and k — 2, respectively. Using 
(B 2 ) we can assume that the degree of s(x) is less than or equal to 2. 
Let us apply both hand sides of ( |5.10p to the top level of modules 

v L + ,v L+ ^ a ,...,v L+ ^ a . 

Since both E and J + uo — 4uj 2 act trivially on these top levels, we see that a{u) also 
acts trivially on top levels. This implies 

»(o> = <4> = - = «(^) = o. 

Since deg a < k, we find 

a(x) = a x(x - —){x -—)... ( x ^— ) 

for some ao G C. Note that J + uo — 4uo 2 acts trivially and E = 1 on the top level of 
^xh-sj we have a(k/4) = 1, which implies a = 2(4fc) fc /(2fc)!. □ 



Set 



19k 
(p(x) = (x- l)(x - —)(x - —)(x - -)a(x). (5.11) 



Lemma 5.6. We have 

(p(u) = 0. 
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Proof. From (B2) 

1 w 9 



u> - l)(w - ^)(w - ^)(J + w - 4u; 2 ) = 



we see from Lemma 5.5 that 



(" " 1)(« - - ^)£ 2 = (« - !)(« - - ^)a(c). 



On the other hand, (L 2 ) tells us 

( w -*)( w --L)(, 1 ,-JL)£!' = 

and therefore = 0. □ 

Since .IE = r(u)E, we see 

= (J-r(uj))E 2 
= (J - r(u))a(u) + (J - r(w))(J + - 4cj 2 )s(u;) 

and therefore 

J 2 s(uj) + {a(u) + (00- Auj 2 -r(tjj))s(u))}J 

— r(uj)a(uj) — r{uj){uj — Auj 2 )s(uj) = 0. 

By using the relation J 2 = p(u) + q(u)J, this is reduced to 

{a(u) + (q(uj) - r{uj) +uj- Auj 2 )s(uj)}J - r(uj)a(uj) (5.12) 

+ {p(u) - r{u){u - 4cj 2 )} s{u) = 0. 

For convenience we introduce 

b(x) = a(x) + (q(x) — r(x) + x — 4x 2 )s(x). (5.13) 

Lemma 5.7. 

, m m , 27(-12 + 65fc-33fc 2 ) 1 1 9 9 

6(1) = fl(1)+ 8 (9-40fc + i6^) ^le^i^' ^le^ ^" 

Proof. A straightforward calculation shows that 
g(x) — r(x) + x — 4x 



2 9(-12 + 65A;-33A; 2 )(16x-l)(16x-9) 



280(4A;- l)(4Jfe-9) 
The lemma follows. □ 
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Lemma 5.8. (1) If k is not a perfect square, then 

6(1)^0,6(1)^0,6(^0. 

(2) If k = Am 2 for some positive integer m then 

«D = «^) = «£> = <>. 

(3) If k = (2m + l) 2 for some positive integer m then 

6(1) = 0,6(1) ^0,6(^)^0. 

Proof. (1) Recall that a(x) = a rfco(z ~ &)■ If 6(1/16) = o(l/16) = 0, then there 
exists i(l <i < k — 1) such that i = namely, = 4z 2 . This is a contradiction. By 
the exactly same reason, we know 6(9/16) = a(9/16) 7^ 0. It remains to show 6(1) 7^ 0. 
Let us evaluate the relation 

E 2 = a(u) + s(u)(J + u- Au 2 ) 



on the top level of the module V L . Then we have a(l) = 9s(l). Using Lemma |5.7| gives 



(A; - 4)(29& — 9) . . , . 

t < 1) = 8(4t-lV-9) a(1 )- (5 ' 14) 



It is immediate that 6(1) 7^ as k is not a perfect square. 



(2) Since tt = -jr and = ^ we have a(j~) = a(^) = 0. By Lemma |5\7 



Next we assert that 6(1) = 0. If k — 4 this is immediate from ( |5.14j ). If k > 4 then 



m > 1. So 4m < & — 1. Since = 1 we again have a(l) = and 6(1) = by using 



The proof of (3) is similar to that of (2). □ 

Proposition 5.9. If k is not a perfect square then 

{l, u, to 2 , . . . , a/ +3 , E, uE, uj 2 e) 
is a basis of A{V^). In particular, dimcA(V^) = k + 7. 
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Proof. Note that (B2) can be written as 

(" - - - ^) J = (w - l)(w - - ^)(4^ 2 - W ). 

From (5.12)-( fhT3| ) we see that 

b{uS)J = r(uj)a(uj) + |r(o?)(o; — 4c<j 2 ) — p(u;)} s(u;). 

Since is not a perfect square it follows from Lemma pT5] (1) that {x — l)(x — l/16)(x- 
9/16) and are coprime. Then there exist polynomials a(x) and (3{x) such that 

1 9 

a(x)(x - l)(x - — )(x - — ) + @(x)b(x) = 1. 
lo Id 

Thus 



+ p(u) [r(uj)a(uj) + (r(w)(w - Auj 2 ) - p(u))s(u)} . 



This shows that A{V^) is spanned by {ou l ,i G Z>o, E,ljE,lu 2 E}. Lemma |5.6| then 
implies that A(V^) is spanned by jl, cu, a; 2 , . . . , a; fc+3 , E 1 , wi?, uj 2 E^ since deg <£> = k + 
4. Finally linear independence of these vectors is clear because A(V^) has k + 7 
inequivalent irreducible modules which are the top levels of the known irreducible 
modules for V^. □ 

Proposition 5.10. If k — 4m 2 for positive integer m, then the following set is a basis 
ofA(V+); 

{l, cj, ■ ■ ■ ,u k , J, uJ, u 2 J, E, uE, u 2 E} . 
In particular, dime A(V^) = k + 7. 

Proof. By Lemma |5l| (2), b(x) has a factor (x — l)(x — 1/16) (a; — 9/16) and we can 
write 

1 9 

b( x ) = (x- l)(x - —)(x - y^)c(V) 

where c(x) is some polynomial. Even in this case, we still have two relations; 
(" " - - ^) J = (w - l)(w - ^)(u, - ^)(4^ 2 - W ), 

19 r 1 

(w - l)(w - — )(w - —)c(u)J = r(u)a(u) + [r(w)(w - 4^ 2 ) - p(w) J 
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see (B 2 ) and (5.12)- (|5.13|) ). By eliminating J we obtain 



b(uj)(Auj 2 -u) = r(uj)a(uj) + [r(uj)(uj - Auj 2 ) - p(oS)\ s(u). 

Using the definition of b(x) we see that 

{r(uj) - Auj 4 + uj}a(uj) 

+ [r(u)(u - Auj 2 ) - p(uj) - (q(u) - r(uj) + u - Auj 2 )(Auj 2 - u)} s(u) = 

or that 

(r(u) - Auj 2 + u)a(u) + {-p(u) - q{uj)(Auj 2 - uj) + (Auj 2 - u;) 2 } s(u) = 0. 
A direct calculation gives 

—p(x) — q(x)(Ax 2 — x) + (4a; 2 — x) 2 = 

and 

2 9(4x-fc)((32A;-i2)a;-3A; + 3) 



r(x) - AX + X = 8(4fc-l)(4fc-9) • (5 ' 15) 



Thus 



Recall the definition of (p(x) from ( |5.11|) . Suppose that 3 ^~^ 2 is not a root of (p(x). 
Then x — 3 ^~^ 2 and f(x) are relatively prime and there exist polynomials f(x) and 
g(x) such that (x — wnjE~h )f( x ) + vi x )9{ x ) = 1- So 



(x - -)a(x) = {x- -)(x - 3 12 )a(x)f(x) + (x - -)a(x)ip(x)g(x). 



By Lemma |5J; 



A; 

(w- -)a(uj) = 0. 



So is a linear combinations of uj % for i < k. We then use the relations (-Bi), 

(S 2 ),(L 1 ) and (L 2 ) to conclude that 

|l,co>, • • • , c/, J, cjJ, cu 2 J, E,ujE,uj 2 e} 
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is a spanning set of A(V^~). Since A(V^~) has k + 7 known inequivalent irreducible 
modules already we see immediately that this spanning set is a basis. 

It remains to prove that jjfzf^ is not a root of ^(x). Note that the roots of (f(x) 

are 

1 9 k j2 ■ - n 
' 16' 16' 4'4Jfe' 

It is easy to see that 3 2k-i2 7^ 0, 1, -L, ^, |. Suppose that 

3A;-3 i 2 



or 



for some > 1 < k — 1. Then 



32A; - 12 4fc 
12m 2 - 3 i 2 



128m 2 - 12 16m 2 
. 2 12m 2 (4m 2 - 1) 



32m 2 - 3 

Let d be the greatest common divisor of 12m 2 (Am 2 — 1) and 32m 2 — 3, then d divides 
— 24m 2 (4m 2 — 1) + 3m 2 (32m 2 — 3) or 15m 2 . Since 12? ^ 2 ^^~ 1 - > is an integer we see that 
d = 32m 2 — 3 and 32m 2 — 3 divides 15m 2 . This is impossible for any positive integer 
m. So we have a contradiction. □ 



Proposition 5.11. If k — (2m + l) 2 for positive integer m, then the following set is 
a basis of A[V^); 

,Lu k+2 ,J,E,tuE,uj 2 E}. 

In particular, dime A(V^) = k + 7. 

Proof. By Lemma [5]7] (3) we can write b(x) = (x — l)c(x) such that the polynomials 
c(x) and (x — 1/16) (x — 9/16) are coprime. Use the following relations 

(" " " ^)(« - J$)J = (" - l)(w - - ^)(4^ 2 - W ), 

(a; — l)c(u;) J = r(uo)a(uo) + {r(w)(w-4cj 2 ) -p(uo))s(uo) (5.17) 

(see (S2) and (5.12)-( |5TT3"|) ) to eliminate J and to obtain 



(W " 16 )( ^ - 16 )( ^ " 4 )( " - 32^l2 )aM = °" 
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Again one can show that 3 ^_^ 2 is not a root of f(x) as in the proof of Proposition 
5.101. Thus we have 

(w - — )(u; - — )(u; - -)a(uj) = 0. 

and o; fc+3 is a linear combination of u/'s for 2 = 0, + 2. 
Let the polynomials a(x) and satisfy 

a(x)c(x) + p(x)(x - 1/16)0 - 9/16) = 1. 

Combining this with relations (5.17) gives 

(u - 1) J = - 1)( W - - A )(4 ^ _ u) 

+ a{uj) \r(cu)a(uj) + {r(u)(uj - 4a; 2 ) - p(u))s(u)} . 

Thus i4(V^") is spanned by {u\ i = 0, k + 2, J, E, uE, u 2 E}. Again the known sim- 
ple modules for A(V^) implies that this in fact is a basis of A{V^). □ 



Remark 5.12. We can determine all relations in A{V^). From the proofs of Propo- 
sitions 7)1\-5.11 it is enough to give the exact expression of s(x) in ( 5.1t\ ). Since s(x) 
is a polynomial of degree less than or equal to 2 there are at most 3 coefficients to be 
determined. This can be done by evaluating ( \5.10j ) on the top levels of V£ , V L U+ and 



V 



We leave the detail to the reader. 



5.4 Classification of irreducible modules 

Recall the known irreducible modules for from Section 2. We finally have the 
following classification result: 

Theorem 5.13. Let L = Z,a be a even positive definite lattice of rank 1 such that a 
has square length 2k. Then 

{V£, Vg_« , V?*, V L+ s_ a \i = 1, 2, r = 1, .., k - 1} 

gives a complete irreducible modules for V£ ■ Moreover, any admissible irreducible V£- 
module is an ordinary module. 
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Proof. If k ^ 1 then A(V^) is a commutative algebra of dimension k + 7 (see Section 
5). So j4(V^~) has at most + 7 simple modules. Since A{V^) has + 7 known 
inequivalent simple modules already we conclude that A{Vi) is a semisimple algebra 
of dimension k + 7. Using the one to one correspondence result (see Theorem |2.1| ) we 
see that has exactly k + 7 inequivalent irreducible admissible modules which are 
ordinary modules. 

If k = 1, V 7 ^ 1 " is isomorphic to the the lattice vertex operator algebra Vy where V is 
a rank one positive definite lattice spanned by (3 whose square length is 8 (see [DG]). 
Then it follows from a result in [Dl] that Vj^ has exactly 8 irreducible modules. Since 
Vl> is rational [DLM1] every irreducible admissible module is an ordinary module. □ 

Remark 5.14. If k — 2 the vertex operator algebra is isomorphic to L(l/2,0) <8> 
L(l/2,0) (see Lemma 3.1 of [DGH]) where L(l/2,h) is the irreducible highest weight 
module for the Virasoro algebra with central charge 1/2 and highest weight h. So the 
classification of irreducible modules in this case also follows from the classification of 
irreducible modules for the vertex operator algebra L(l/2,0). One can easily see that 
all the irreducible modules for L(l/2, 0) ® L(l/2, 0) are L(l/2, hi) ® L(l/2, h-z) where 
hi = 0, 1/16, 1/2. One can find in [DGH] the identification of these modules with the 
modules for listed in the theorem. 
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